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Abstract In the Introduction we briefly recall our previous results on sta-
tionary electromagnetic fields on black-hole backgrounds and the use of spin-
weighted spherical harmonics. We then discuss static electric and magnetic test
fields in a Schwarzschild background using some of these results. As sources we
do not consider point charges or current loops like in previous works, rather,
we analyze spherical shells with smooth electric or magnetic charge distribu-
tions as well as electric or magnetic dipole distributions depending on both
angular coordinates. Particular attention is paid to the discontinuities of the
field, of the 4-potential, and their relation to the source.
Keywords Electrostatics in curved backgrounds · Monopole and dipole
layers
1 Introduction
J. S. Bach’s “Goldberg” variations represent the beginning of the theme of
musical variations followed by works of Beethoven, Brahms, Reger, and many
others, most recently by a “Bearbeitung” of Bach’s original by D. Sitkovetsky
for the string trio and for the string orchestra. J. N. Goldberg’s own “Gold-
berg variations” on the themes of equations of motion, conservation laws and
gravitational radiation were among the first in the 1950-1960’s which started
the revival of general relativity.
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2Here we deal with a much simpler problem – sources which are at rest.
Still, we use the highly quoted work [1] by Goldberg and his colleagues in the
Syracuse University on the spin-weighted spherical harmonics. We are happy
to dedicate this note to Professor Goldberg’s 86th birthday. However, we would
also like to recall another anniversary: in April 2011 it will be 100 years after
Albert Einstein came to Prague to spend 16 months at the German part of the
Charles University. In 1912 Einstein was followed by P. Frank whose student
who “received much of his training with Philipp Frank in Prague before coming
to the USA as Einstein’s assistant” [2] was Peter Bergmann. It was Frank who
recommended him to Einstein. As is well-known, P.G. Bergmann founded the
relativity group in Syracuse and as E.T. Newman writes in [2] J.N. Goldberg
became Bergmann’s first PhD student there. Is there not a clear connection
between both anniversaries?
One of us used spin-weighted spherical harmonics extensively in several
works. In [3] we applied the Newman-Penrose (NP) formalism to develop an
approximation procedure suitable for treating radiation problems, including
wave tails, in non-linear electrodynamics. We also found conserved quantities,
analogous to those discovered by Newman and Penrose in Maxwell’s and Ein-
stein’s theories (cf. e.g. [4]) and analyzed, among others, by Goldberg [5,6].
However, a deeper physical meaning of these quantities in, say, Born-Infeld
non-linear electrodynamics remains to be seen.
The spin-weighted spherical harmonics and their generalization to spin-
weighted spheroidal harmonics were crucial in the fundamental contribution
by Teukolsky [7] in which the equations for perturbations of the Kerr black
holes were decoupled and separated. Some time ago we systematically consid-
ered stationary electromagnetic perturbations of the Schwarzschild black holes
[8] as well as of the Kerr black holes [9]. We also analyzed in detail coupled
electromagnetic and gravitational perturbations of the Reissner-Nordstro¨m
black holes [10,11]. In case of all these black holes we found general station-
ary vacuum solutions1 and gave explicit solutions for fields of a number of
special sources, like point charges and current loops in various positions out-
side the black holes. Stationary electromagnetic fields around black holes have
later been used in various contexts in relativistic astrophysics, in particular
in black-hole electrodynamics, [13,14], and in purely theoretical problems like
discovering the Meissner effect for extremal objects in 3+1 and also in higher
dimensions (see, e.g., [15,16]).
Recently, we were interested in the spherical gravitating condensers in gen-
eral relativity [17] – two concentric shells made of perfect fluids restricted by
the condition that the electric field is non-vanishing only between the shells.
We used Israel’s formalism and took energy conditions into account. When the
shells approach each other while the total charge on a shell increases a sphere
from spherical dipoles forms. However, in this process the energy condition
cannot be satisfied, since the field between the shells becomes singular not
1 In [12] we also considered scalar perturbations of the Kerr-Newman black holes and
determined stationary solutions.
3even permitting to write down the energy-momentum tensor using classical
distributions. A possibility to circumvent these problems is to consider test
dipoles as we do in the present paper.
In this context we realized that we are not aware of an example of a surface
distribution of dipoles in a curved background, or even of a general surface
distribution of (monopole) test charges which do not share the symmetry of the
background. In this note we construct simple examples of charges and dipoles
distributed on spherical surfaces (shells) in a Schwarzschild background. We
use the general vacuum stationary electromagnetic fields on the Schwarzschild
background given in [8] and formulate appropriate junction conditions. We are
also interested in dipole distributions on the spheres, so we have to calculate
4-potentials of the vacuum fields, which was not done in the original work
[8]. Since here we discuss distributions on spherical surfaces in the spherically
symmetric background, the results are neat and simple, resembling the results
in classical electrodynamics in flat spacetime. In a future paper [18], we turn
to general dipole layers in general spacetimes.
2 Stationary fields in a Schwarzschild background
We discuss solutions of electromagnetic test fields in a Schwarzschild back-
ground with curvature coordinates (xµ) = (t, r, θ, ϕ):
ds2 =
(
1− 2M
r
)
dt2 −
(
1− 2M
r
)−1
dr2 − r2 (dθ2 + sin2 θdϕ2) . (1)
We also allow magnetic sources in order to be able to describe magnetic dipole
shells, so the Maxwell equations read2
Fαβ;β = 4pij
α
(e),
∗Fαβ;β = 4pij
α
(m), (2)
where the indices (e/m) distinguish the electric/magnetic quantities. We also
include magnetic monopoles for mathematical purposes since this will allow us
to describe charge distributions depending on ϕ in an easy way. In the absence
of either magnetic or electric sources an electric 4-potential Fαβ = A
(e)
β,α−A(e)α,β
or a magnetic 4-potential ∗Fαβ = A
(m)
β,α − A(m)α,β can be introduced. However,
we will solve the Maxwell equations for the field directly and only afterwards
integrate the fields to obtain the 4-potentials in order to verify jump conditions.
It is useful to introduce the complex 4-current Jα, 4-potentialAα, and Maxwell
tensor Fαβ
Jα = jα(e) + ij
α
(m), Aα = A(e)α + iA(m)α , Fαβ = Fαβ + i∗Fαβ . (3)
The equations for general electromagnetic test fields in a Kerr background were
given within the NP formalism in the well-known paper by Teukolsky in [7].
2 Note, that the signature of the metric and the orientation of the volume form are taken
as in [19], with the important difference that our Maxwell tensor Fαβ is the negative of the
one defined there, i.e. the indices are exchanged.
4Using a separation technique, relying heavily on the spin-weighted spherical
harmonics introduced by Goldberg et al. in [1], general stationary solutions
were given as series expansions for sources on the Schwarzschild background in
[8]. Before we discuss our solutions we repeat briefly some of the formalism we
are going to need and refer the reader for details to [8,9]. In the Schwarzschild
spacetime the NP null tetrad used is given by
lα =
((
1− 2M
r
)−1
, 1, 0, 0
)
, nα =
1
2
(
1,−
(
1− 2M
r
)
, 0, 0
)
,
mα =
1√
2r
(
0, 0, 1,
i
sin θ
)
, mα =
1√
2r
(
0, 0, 1,
−i
sin θ
)
,
(4)
where a bar denotes complex conjugation. The Maxwell tensor Fαβ expressed
in terms of the three complex NP quantities φ0, φ1, φ2 reads
3
Fαβ = 4Re
[
φ0m[αnβ] + φ1(n[αlβ] +m[αmβ]) + φ2l[αmβ]
]
. (5)
Thus from the solutions for φi, given explicitly below in Eqs. (8), we can
calculate the field Fαβ and afterwards the four potential A
(e/m)
α . Taking into
account that the coefficients of the φi in (5) are self-dual, i.e., they satisfy
∗Aαβ = −iAαβ , we rewrite (5) in the complex form
Fαβ = 4
(
φ0m[αnβ] + φ1(n[αlβ] +m[αmβ]) + φ2l[αmβ]
)
. (6)
Hence, to obtain the entire information about the field it is sufficient to study
just the time-space components of the self-dual tensor Fαβ given by
Ftr =− 2φ1,
Ftθ = 1√
2
((r − 2M)φ0 − 2rφ2) ,
Ftϕ =− i√
2
((r − 2M)φ0 + 2rφ2) sin θ.
(7)
Let r1 be the supremum and r2 the infimum of the radii, such that points
(t, r, θ, ϕ) lying in the support of Jα have r ∈ (r1, r2). The electromagnetic
field of a source with 2M < r1 < r2 < ∞ is given in the region 2M ≤ r < r1
by
φ0 =
∑
l,m
alm
√
8
l(l + 1)
2F1
(
1− l, l+ 2; 2; r
2M
)
1Ylm(θ, ϕ),
φ1 =
∑
l,m
alm 2F1
(
1− l, l + 2; 3; r
2M
)
0Ylm(θ, ϕ),
φ2 = −
∑
l,m
alm
√
8
l(l + 1)
M
r
2F1
(
−l, l+ 1; 2; r
2M
)
−1Ylm(θ, ϕ),
(8a)
3 In contrast to [8,9], we use here A[αβ] =
1
2
(Aαβ −Aβα).
5whereas for r > r
2
it reads
φ0 = −
∑
l,m
blm
√
2l
l+ 1
(
−2M
r
)l+2
2F1
(
l + 1, l+ 2; 2l+ 2;
2M
r
)
1Ylm(θ, ϕ),
φ1 =
∑
l,m
blm
(
−2M
r
)l+2
2F1
(
l, l+ 2; 2l+ 2;
2M
r
)
0Ylm(θ, ϕ) +
Q
2r2
,
φ2 = −
∑
l,m
blm
√
l
2(l+ 1)
(
−2M
r
)l+2
2F1
(
l + 1, l; 2l+ 2;
2M
r
)
−1Ylm(θ, ϕ),
(8b)
where 2F1 denotes a (2, 1)-hypergeometric function, sYlm is a spin-s-weighted
spherical harmonic, cf. [1], and
∑
l,m
is an abbreviation for
∞∑
l=1
l∑
m=−l
(see [8]
for the detailed calculations). The constant Q = Q(e) + iQ(m) is the complex
combination of the total electric charge Q(e) and magnetic charge Q(m). The
constants alm and blm are also determined by the source via
alm =
∞∫
2M
2pi∫
0
pi∫
0
Jlm(r, θ, ϕ) 2F1
(
l, l+ 2; 2l+ 2;
2M
r
)(
−2M
r
)l−2
dθdϕdr,
blm =
∞∫
2M
2pi∫
0
pi∫
0
Jlm(r, θ, ϕ) 2F1
(
1− l, l+ 2; 3; r
2M
)( r
2M
)4
dθdϕdr,
(9)
where Jlm – vanishing for r /∈ (r1, r2) – is defined in terms of the complex
4-current Jα as follows, cf. (3):
Jlm(r, θ, ϕ) = −κlm sin θY lm(θ, ϕ)
[(√
8r cot
θ
2
mα − 2
r
nα
)
Jα
+mα
(
mβJβ
)
, α
− lα (nβJβ), α
]
.
(10)
The constants κlm are given by
4piM [(l+1)!]2
(2l+1)! .
In vacuum regions we can introduce a complex 4-potential Aα. For sta-
tionary sources we can integrate Fαβ = Aβ,α −Aβ,α for the time component
At. Using equations (7) and (8) we obtain
r < r1 : At =−
∑
l,m
alm
8M
l(l + 1)
2F1
(
−l, l+ 1; 2; r
2M
)
Ylm(θ, ϕ) +At0−,
r > r2 : At =
∑
l,m
blm
4M
l + 1
(
−2M
r
)l+1
2F1
(
l, l+ 1; 2l+ 2;
2M
r
)
Ylm(θ, ϕ)
+
Q
r
+At0+. (11)
6The constants At0± represent the remaining gauge freedom of the potential.
These potentials are new - they were not calculated in [8,9] since the field
contains usually all needed information, however, for discussing dipole shells,
it is important to know the potentials. For completeness we give also the
remaining components of the 4-potential obtained by a separation ansatz.
They read for r < r1
Ar =−
∑
l,m
alm
4Mr
r − 2M 2F1
(
−l, l+ 1; 2; r
2M
)
glm(θ)e
imϕ,
Aθ =
∑
l,m
R
(i)
lm(r)
(
glm,θ(θ)e
imϕ +
1Ylm(θ, ϕ) + −1Ylm(θ, ϕ)√
l(l + 1)
)
,
Aϕ =− i
∑
l,m
R
(i)
lm(r)
(
−mglm(θ)eimϕ + 1Ylm(θ, ϕ) − −1Ylm(θ, ϕ)√
l(l + 1)
)
,
R
(i)
lm(r) =almr
2
2F1
(
1− l, l+ 2; 3; r
2M
)
, (12)
and for r > r2
Ar =−
∑
l,m
blm
4M2l
r − 2M
(
−2M
r
)l
2F1
(
−l, l+ 1; 2; r
2M
)
hlm(θ)e
imϕ,
Aθ =
∑
l,m
R
(e)
lm(r)
(
hlm,θ(θ)e
imϕ +
1Ylm(θ, ϕ) + −1Ylm(θ, ϕ)√
l(l + 1)
)
,
Aϕ =− i
∑
l,m
R
(e)
lm(r)
(
−mhlm(θ)eimϕ + 1Ylm(θ, ϕ) − −1Ylm(θ, ϕ)√
l(l + 1)
)
+
iQ cos θ,
R
(e)
lm(r) =blm4M
2
(
−2M
r
)l
2F1
(
l, l+ 2; 2l+ 2;
2M
r
)
. (13)
The arbitrary functions glm(θ) and hlm(θ) give some of the gauge freedom, e.g.,
the Lorenz gauge is achieved in the vacuum region with the choice glm(θ) =
hlm(θ) = 0. In general, we could have assumed a t-dependent and a general
ϕ-dependent gauge function.
3 A direct approach for spherical shells
We now apply the solutions described above to the sources characterized by a
4-current
Jαlm = flm(r)Ylm(θ, ϕ)ξ
α, (14)
where indices l and m label the source, Ylm denotes a spherical harmonic and
ξα is the timelike Killing vector of the Schwarzschild metric. If m = 0 the 4-
current is real, i.e., it consists just of an electric part. If it is complex one has
7also magnetic parts. In order to obtain a 4-current which is proportional to ξα
like in (14) we need a stationary source, i.e., at least the spatial components of
the net current must vanish. Nevertheless, two components which, for example,
counter-rotate would also be admissible but we restrict ourselves here to a
source which is at rest with respect to the Schwarzschild coordinates. Such
sources consist of electric and magnetic parts. For such sources the sums,
like in (8), reduce to a single term and the calculations can be handled more
easily. These sources form a complete set over the unit sphere which allows us
to generalize the results to arbitrary sources.
If a purely electric (magnetic) stationary source is considered, only an
electric (magnetic) field arises which amounts to taking the real (imaginary)
part of the right-hand sides of equation (7). This means taking a combination
of fields produced by currents Jα and J
α
.
Although most of our results hold for a general flm(r), we concentrate
in particular on spherical thin shells with radius r0 covered by generally dis-
tributed electric/magnetic charge densities or by electric/magnetic dipole den-
sities. The sources of such shells are respectively given by
Jα
Mo
= sa
Mo
eαa
(
1− 2M
r0
) 1
2
δ(r − r0),
Jα
Di
= sa
Di
eαa
(
1− 2M
r0
)
r20
r2
δ′(r − r0).
(15)
We give a detailed derivation4 of the exact form of Jα
Di
including general
backgrounds and non-stationary sources in another paper [18]. The vectors
eαa =
∂xα
∂ζa denote the tangential vectors to the hypersurface Σ which represents
the history of the shell. Using (ζa) = (t, ϕ, θ) as intrinsic coordinates in Σ these
vectors become the coordinate vectors associated with the Schwarzschild coor-
dinates; in particular, eαt coincides with the Killing vector ξ
α. The monopole
surface current sa
Mo
= s
(e)a
Mo
+ is
(m)a
Mo
as well as the dipole surface current
sa
Di
= s
(e)a
Di
+ is
(m)a
Di
consist of an electric and a magnetic part. The surface
currents can be written as
sa
Mo
= σua, sa
Di
= dua, σ = σ(e) + iσ(m), d = d(e) + id(m), (16)
where ua is the velocity of the sources within the hypersurface Σ, σ(e/m) is
the electric/magnetic rest surface charge density and d(e/m) the rest surface
dipole density. For stationary sources we have uaeαa ∝ ξα and thus ua =
4 Note that the definition of δ-distribution is such that for any test function
f the integral over a spacetime region Ω in the Schwarzschild coordinates yields
∫
Ω
f(t, r, θ, ϕ)
(
1− 2M
r0
) 1
2
δ(r − r0)dΩ =
∫
Σ∩Ω
f(r0, t, θ, ϕ)dΣ, where dΩ =
√
−gdtdrdθdϕ
is the volume element of the spacetime and dΣ is the volume element of the hy-
persurface Σ respectively. For the normal derivative of the δ-distribution we obtain∫
Ω
f(t, r, θ, ϕ)
(
1− 2M
r0
)
r2
0
r2
δ′(r − r0)dΩ = −
∫
Σ∩Ω
(nµf,µ)(r0, t, θ, ϕ)dΣ with the unit nor-
mal nµ pointing outwards.
8((1− 2Mr0 )
−
1
2 , 0, 0). Hence, functions flm in (14) are given in the case of charges
distributed on the shell by
fMolm(r) = σˆlmδ(r − r0), (17)
where σˆlm are complex constants. Then the electric and magnetic charge den-
sities become σlm(θ, ϕ) = σˆlmYlm(σ, ϕ). Analogously, for shells covered by
dipoles we obtain
fDilm(r) = dˆlm
(
1− 2M
r0
) 1
2 r20
r2
δ′(r − r0), dlm(θ, ϕ) = dˆlmYlm(θ, ϕ). (18)
Applying formulas (4)–(10) given in Section 2 to the sources (14) we get
for the Maxwell tensor for l = m = 0 5
r < r1 : Ftθ = Ftϕ = 0, Ftr = 0,
r > r2 : Ftθ = Ftϕ = 0, Ftr = −Q
r2
,
(19)
independently of f00(r). Of course, outside of a spherical symmetric distri-
bution only the total charge is important, not its radial distribution. Note
that this field coincides with the field obtained in electrostatics in flat space.
Furthermore, if a spherical shell endowed with a constant dipole density is
considered, i.e., Q = 0 and (14) holds together with (18), there is no field
present like in flat space. Therefore, the existence of such a dipole layer can
be proven only by examining the trajectories of particles crossing it but not
by measuring a distant field.
Given sources (14) with a fixed (l′,m′) with l′ > 0 and an arbitrary fl′m′ ,
the coefficients alm and blm vanish except for (l,m) = (l
′,m′). Assuming the
radial distribution falls off sufficiently fast the coefficients read
al′m′ = − κlm
8M2
∞∫
2M
f˜l′m′
d
dr
((
−2M
r
)l
2F1
(
l, l+ 2; 2l+ 2;
2M
r
))
dr,
bl′m′ = − κlm
8M2
∞∫
2M
f˜l′m′
d
dr
(( r
2M
)2
2F1
(
1− l, l+ 2; 3; r
2M
))
dr,
f˜l′m′ = (r
2 − 2Mr)fl′m′(r).
(20)
For example, the field of the source with (l,m) = (1, 0) can be simplified
for r < r1 to read
Ftr = (E0 + iB0) cos θ, Ftθ = −(E0 + iB0)(r − 2M) sin θ, (21)
where E0 = −a10
√
3
pi . This solution coincides with the standard asymptot-
ically homogeneous electric and magnetic field. In the limit r1 → ∞, Jα10
provides a source of this field. In [18] we discuss a disc source generated by
such a field.
5 The indices l, m of the field Fαβ and of the potential Aα are suppressed.
94 Discontinuities in the electric field and the potential
What are the jumps caused in the field and the potential by sources of the
form (17) and (18)? Whereas the results regarding the first are known in
general in the electric case, see [20], the jumps of the field of dipole layers were
not analyzed before. After we obtain the jumps for these special sources we
can superpose them to generalize the results to arbitrary charge and dipole
distributions. The jump of a function g across a spherical shell with radius r0
is defined as [g] = lim
r→r0+
g(t, r, θ, ϕ)− lim
r→r0−
g(t, r, θ, ϕ).
Since we look at stationary sources the electric charges do not produce mag-
netic fields, the jump in these are solely caused by magnetic charges. Therefore,
we can assume that both kind of charges are present at the same time. For
such spherical shells we obtain from (17), (9), using some standard identities
for hypergeometric functions, see e.g. [21], and Abel’s identity, the following
conditions:
[Ftθ] = [Ftϕ] = 0, [Ftr] = −4piσˆlmYlm(θ, ϕ). (22)
This resembles classical results – the normal component of the electric (or
magnetic) field jumps across a layer of electric (or magnetic) charges, whereas
the tangential components are continuous. The jump is given by the corre-
sponding charge density. These jump conditions are in the form6 found in
[20] if the coordinates (ζa) = (t, θ, ϕ) are used as intrinsic coordinates and
nµ =
(
1− 2Mr0
) 1
2
δµr as the unit normal pointing outwards:
[Ft⊥] = [Fµνeµt nν ] = −4piσˆlmYlm(θ, ϕ)
(
1− 2M
r0
) 1
2
= −4pisMot ,
[Fθ⊥] = [Fϕ⊥] = 0.
(23)
These results can now be superposed to obtain an arbitrary charge density
σ(θ, ϕ) =
∞∑
l=0
l∑
m=−l
σˆlmYlm(θ, ϕ) at the shell which results in the general jump
conditions
[Ftθ] = [Ftϕ] = 0, [Ftr] = −4piσ(θ, ϕ). (24)
In order to discuss the jumps in the 4-potential it is sufficient to consider only
the scalar potential At = Aµξµ and, of course, this is continuous across the
shell.
6 The difference in sign is due to a different conventions explained in footnote 2.
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In the more interesting case of spherical shells endowed with a dipole den-
sity pˆlmYlm(θ, ϕ), analogous calculations lead to the relations
[At] = 4pidˆlm
(
1− 2M
r0
) 1
2
Ylm(θ, ϕ),
[Ftθ] = −4pi
(
1− 2M
r0
) 1
2
dˆlm
∂
∂θ
Ylm(θ, ϕ),
[Ftϕ] = −4pi
(
1− 2M
r0
) 1
2
dˆlm
∂
∂ϕ
Ylm(θ, ϕ),
[Ftr] = 0
(25)
where we used the gauge At0+−At0− = 4pidr0Y00δ0l , cf. (11) and the discussion
after (19). They are again analogous to the conditions for a dipole layer in flat
space. These relations can also be generalized for an arbitrary dipole density
on the sphere using the completeness of spherical harmonics:
[At] = 4pid(θ, ϕ)
(
1− 2M
r0
) 1
2
= 4pisDit ,
[Ftθ] = −4pi
(
1− 2M
r0
) 1
2 ∂
∂θ
d(θ, ϕ) = −4pisDit,θ,
[Ftϕ] = −4pi
(
1− 2M
r0
) 1
2 ∂
∂ϕ
d(θ, ϕ) = −4pisDit,ϕ,
[Ftr] = 0.
(26)
The jumps of the tangential components are trivially obtained from the jump
of the potential. Again, we have a situation like in the classical theory that the
normal component of the field does not jump and the tangential components
do jump, where the amount is given by the derivative of the surface current
in the respective tangential direction, cf. (26). The jump of the potential is
directly given by the surface current.
In this paper the behavior of the discontinuities for spherical, static dipole
shells was directly proven in the Schwarzschild spacetime. This was possible
since the general solution to the Maxwell equation in this background is known.
Since in this note we wished to analyze both electrostatics and magnetostatics
in a unified framework using complex quantities (3), we did not, for exam-
ple, treat the case of electric currents moving along the shells and producing
magnetic fields so that jump conditions like
[A(e)a ] = 4pis
Di
a (27)
arise for moving electric dipoles. In a later paper [18], general sources, arbitrary
hypersurfaces and arbitrary spacetimes will be considered.
In principle, it would also be possible to assume different mass parameters
in the different portions of space, thereby generating a massive shell; in par-
ticular, introducing flat space inside the shell is of interest. The same analysis
11
can be done in such a case but the time coordinate will not go continuously
through the shell anymore. Other intrinsic coordinates, e.g. the proper time
of an observer at rest in the shell, are necessary in such a case (cf., e.g., [17]).
Knowing the junction conditions we can now use them in the following
“indirect” approach: start out from some known metrics and fields, assume
they are glued together and from the jumps deduce whether this procedure
yields physically plausible sources on the junction. This procedure will be
employed in our future work [18].
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